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THE EULER EQUATION FOR FUNCTIONALS
WITH LINEAR GROWTH
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GABRIELE ANZELLOTTI

ABSTRACT. We give a first variation formula for functionals of the type fq f(x, p),
where f(x, p): @ X R* - Ris of linear growth in p for large | p| and p is a R*-valued
measure in Q. The Euler equation for the minima of various functionals defined on
spaces of BV functions is then studied.

Introduction. Let us consider a functional of the type
(1.1) F(u)=ff(x, Du)+f H(x)u(x) dx,
Q Q

where © is an open bounded set in R”, u: € — R and f(x, p): @ X R" - R, H(x):
Q — R are sufficiently nice. If a given function u € C*(Q) is a local minimum for
F(u), then u verifies the Euler equation

(1.2) D,f, (x, Du(x)) = H(x) in.
On the other hand, in the case that f, H satisfy the assumptions

lpl< f(x, p) < M(1 +|p|) forallx, p,
fis continuous on £ X R",

fis convex in p for each fixed x € Q,

H € L"(Q) and it is sufficiently small,

(1.3)

the existence of minimum points with prescribed boundary conditions for suitable
extensions [20, 15, 12, 13, 9] of functionals of the type considered is known [17, 15,
12, 1] in the space BV(R) = {u € L(R)|Du is a measure of bounded total varia-
tion}. For the properties of BV functions we refer to [19, 23, 11].

A typical example of a function f(x, p) satisfying conditions (1.3) is the nonpara-
metric area integrand y1 + | p|?, to which corresponds the functional

(1.4) F(u) =f9 V1 +|Dul’ +fQH(x)u(x)dx.
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Other examples, where we take H = 0, are the functionals

(1.5) /;2 \/1 +a,,(x)DuDu,

where the functions a;;(x) are continuous and satisfy a,;(x) = a;(x), [£* <
a;(x)¢¢; < M|¢)* for all £ € R,

k
(1.6) fﬂ\/l +oul,  k>1,

1.7 Du|), wh - forr <1,
(1.7) f, BDu)), where (1) = {2, | fore<l,

(1.8) jg |Du.

For the area functional A(u) = [oy1 + |Du|?, it is well known [17, 24, 14] that
the local minima in BV() are actually real analytic. The regularity C%* of the BV
minima is known also for the functionals of the type (1.4) if the curvature H is
Lipschitz continuous [18, 8, 29], and for the functional (1.5) if the coefficients a; (x)
are of class C**[15]. Actually, the regularity C** of the BV minima is proved in [15]
for a whole class of functionals satisfying suitable structural conditions (essentially
the conditions under which one is able to prove interior a priori bounds of the
gradient for the smooth solutions of the corresponding Euler equation [22, 15, 26,
16]). In most cases, however (for instance for the functional (1.6)), the regularity of
the local minima in BV is not known and, in many cases, one can easily construct
examples of local minima which are discontinuous along an (n — 1)-dimensional
surface. This happens for instance for functionals (1.7) and (1.8), for (1.5) if the
coefficients are not sufficiently smooth and for (1.4) if the curvature H is for
instance only L. Then it is natural to consider the problem of writing the Euler
equation (1.2) in a suitable weak formulation that still holds for minima u € BV(Q).

We get the following result: if the function f(x, p) satisfies a few natural
hypotheses of differentiability in p (as in the assumptions of Theorem 3.6) and if
u € BV(Q) is a local minimum for F(u) ( fg f(x, Du) is defined for BV functions as
in (3.1)), then one has

SR+ 1e)| = [ HO@(x) dx+ [ f(x(Du)* (x)) (D) (x) d
1.9 Do s
(19) - 72 ) PGl
=0
for all admissible test functions ¢, i.e. for all p € BV(Q) such that
(1.10,1) sptp € Q,
(1.10, ii) IDg|" < |Dul

(i.e. |Dg|* is absolutely continuous with respect to | Du|*),where Du = (Du)“ + (Du)*
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is the Lebesgue decomposition of the measure Du in an absolutely continuous and a
singular part with respect to the n-dimensional Lebesgue measure ¥ "; we denote by
(Du)“(x) the density of the measure ( Du)“ with respect to £ " and by Du/|Du| the
density of Du with respect to its absolute variation Du. Finally, f%(x, p) is a
positively homogeneous function in p, defined in (2.3), whose existence has to be
assumed and that coincides with the recession function of f(x, -) in case f is convex
in p. For the notions of absolute continuity, Lebesgue decomposition and density (or
derivative) of a measure A with respect to a positive measure u, we refer to [11, §2.9].

We recall that an equation of the type (1.9) has been introduced in [6] for the
energy functional in Hencky plasticity.

The key point in (1.9) is that the test functions ¢ are allowed to have “jumps”, but
only where the minimum u itself has a “jump”. The fact of considering variations
¢ € BV(R) is important, because equation (1.9), if it is considered only for all
functions @ € C(Q) (that is for ¢ € H}'(2)), does not carry all the information
related to the fact that u is a local minimum (Remark 3.12). On the other hand, the
restriction (1.10, ii) is natural in two ways: first, the derivative (d/dt) F(u + 19)|,_,
exists if and only if (1.10,1i) holds; second, under natural assumptions on f, if a
function u € BV(Q) verifies equation (1.9) for all the admissible test functions, then
u is a local minimum for F(u) (Theorem 3.10).

The validity of equation (1.9) is also proved, for a restricted class of admissible
variations, if f is not differentiable in p at the points p where f takes the value zero
(Theorem 3.9). This result applies in particular to the case where f(x, p) is positively
homogeneous in p, as for the functional (1.8).

The results on the differentiability of the functional F(u) are obtained from
corresponding results, given in §2, for the functional I(pn) = [q f(x, u), where p is a
general R*-valued Borel measure in Q. One could use the general results of §2 also to
get an Euler equation for functionals of the type

(1.11) fgf(x, e(u)),

where u € LY(Q,R") is a vector field of bounded deformation, i.e. the distributions
¢;;(u) = 3[D;u’ + D;u'] are measures of bounded total variation in Q [27]. However,
we shall not develop such a theory, as it is totally similar to the one given in §3 for
F(u).

In §2 we collect also a few simple facts about the extension to the space of
measures of the functional I(n) = [ f(x, n(x)) dx. We shall adopt the approach of
[25, 15, 13, 9]). Recent papers [28, 10] give an extension by making use of convex
analysis and duality theory. In fact, most examples of integrands f(x, p) in the
calculus of variations are convex in p, on the other hand the convexity is not needed
for many of our purposes and we shall assume it only when it is necessary.

We conclude with a few remarks.

First: if u € BV(Q) is a local minimum for the functional (1.1) and we write
equation (1.9) for all ¢ € C°(R), then we get that the vector field ¢(x) =
fo(x,(Du)“(x)) satisfies divy = H and ¢ belongs to the class X(),= (¢ €
L>(Q)|divy € L"(R)} considered in [2]. This fact has been one of the motivations
for the work done in [2].
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Second: Once we have the Euler equation for the functional F(u), it will be
natural to try a standard technique to get information on the regularity of a local
minimum u of F, i.e. to write equation (1.9) for the test functions of the type ¢ = nu,
where n € C§°(R) (that certainly satisfy condition (1.10)). This has been done
already for the energy functional in Hencky plasticity [3], compare [21], and it will
be done in a forthcoming paper for general functionals of the type (1.1).

Third: For functions in BV() the Euler equation (1.9) suggests the possibility of
a new weak formulation for the quasilinear equations of the type divA(x, Du) =
B(x), where A(x, p): & X R" - R" and B(x): £ — R, which are not necessarily the
Euler equation of any functional.

I would like to thank G. Dal Maso for some useful conversations about the
semicontinuity results in [9].

2. Directional derivatives of the functional I(p) = [, f(x, p). First, we are going to
define a real valued Borel measure f(x, p) on € for all functions f(x, p): € X R > R
that satisfy a few suitable conditions and for all p € M(Q,R*), where M(,R¥)
denotes the space of the R*-valued Borel measures in Q.

Then we shall consider the functional I(p) = [o f(x, p) and we shall obtain a
formula for the derivative (d/dr)I(p + tB)|,_, under suitable assumptions on f and
B.

Let us consider the following conditions:

(2.1) f(x,p) >0,
f is such that for all Borel measurable functions 7: £ — R,

(22) the function x — f(x, n(x)) is Borel measurable,
(2.3) for all x € Q there exists the finite limit
. P\, _ 40
iy e 2= e ),

We remark that condition (2.2) is satisfied for instance when f is a Borel function
in (x, p). Condition (2.3) says that the function f is asymptotically linear for large p.
It is immediately evident that the function f°(x, p) is positively homogeneous in
p, 1.e.
f°(x,sp) =sf%x, p) forallx, pands > 0,

and that f°(x, p) satisfies condition (2.2) if f does.

Now we can give the

DEFINITION 2.1. Let f satisfy conditions (2.1), (2.2) and (2.3). Then for any measure
u € M(Q,RK) we define a positive measure f(x, p) on @ as

04 [ =[S des [ f( d

b (x)) dlu/
dlp|

for all Borel sets B C Q, where p = p“ + p’ is the Lebesgue decomposition of the
measure p. in an absolutely continuous and a singular part with respect to the Lebesgue
measure £ ". We denote by p“(x) the density of the measure p° with respect to " and
by (dp’/d|p|*)(x) the density of p’ with respect to |p|’.
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In formula (2.4) we could write (du/d|pu[)(x) instead of (du’/d|u|*)(x), because
the two functions are equal |p|*-a.e.
If the function fis such that

(2:5) |f(x, p)| < c(1 +1pl),
then one also has | f°(x, p)| < c|p| and

fﬂf(x, ) < c(£7(Q) +1ul(R));

hence, if (2.2), (2.3), (2.5) hold and |u|(R), £L"(Q) are finite, then formula (2.4)
defines a measure f(x, p) also without imposing condition (2.1), and the measure
f(x, 1) has in this case a finite total variation.

We should like to remark that one could easily extend the preceding definitions to
more general measures p and to other positive measures than #”. We also remark
that for a measure p = n(x).#", which is absolutely continuous with respect to £",
one has [ f(x, p) = [pf(x, n(x)) dx, while for a singular measure p = p° we have

Jrem = [ 77 20 .

We shall use the following simple fact.

LemMa 2.2. If f(x, p) is positively homogeneous in p, then for all Borel sets B C Q,
one has

O 1[5 = [ 1|5, )|+ 1 220 i,

dlp,|
if u, + p, = pand p,, p, are mutually singular, and

(i) [ fGxow) = [ 1% G5 () de

if a is a positive measure such that p < a.

PROOF. As p; and p, are mutually singular, we have || = |g,| + |p,|; hence

[/ st = f 5ol f 5,2 e

dlu|
and (i) follows because one also has that

Ay =By = ) ae.ing,

d|p| d|p| d|p,|

du du, dp., .
——(x)=—">(x)= (x) |p,|-a.e.in Q.

dlu dly| dlp| ’

Now, writing p = p¢ + p*, by (2.4) and statement (i) we get immediately that
Jreem = [ il (o)

-/ f(x, (dp/de)(x) ) dlul
8"\ (dlul/de)(x)
and (ii) follows because of the homogeneity of fin p. Q.E.D.
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Now we shall see another way of writing the measure f(x, u) which has a useful
g_eometrical meaning when p = Du and u € BV(Q). Let us consider the function
f(x, p,1): & X R* X R* X[0, + o) — R defined as

f(x, p/t)t ift>0,

(2:6) f(x,p1) = {f”(x,p) ifr=0.

One then has

THEOREM 2.3. Assume that f satisfies conditions (2.2), (2.3), (2.5) and that
|l(R), L"(R) are finite. Then one has

(2.7) [fem= | (% (). G (x) da

where a is any positive Borel measure such that |p| + X" < a.

PROOF. First, it is easy to see that for any pair of Borel functions 7:  — R* and ¢:
2 [0, + o), the function x — f(x, n(x), £(x)) is also Borel measurable; hence the
integral to the right in (2.7) is well defined. Consider then the R* X R valued
measures A = (p, L"), A, = (p4, £") and A, = (p*,0). We have that A; + A, = A
and that A, A, are mutually singular; hence, by Lemma 2.2 we get

 dp
faf( T 71|7\|_( )) M

e o 5o i e )

=fB ( dgn(x) 1) dg" + ff (x I_T(x)) d|w|

which proves (2.7) for the particular choice a = |A|. The proof for general a follows
by statement (ii) of Lemma 2.2. Q.E.D.

Now we shall study the differentiability of I(p). From now on, we shall assume
that f satisfies (2.2), (2.3), (2.5), that £"(2) < + o0 and we shall only consider
measures i, 8 € M(£, R¥) of finite total variation.

THEOREM 2.4. Assume that f(x, p) is differentiable in p for all (x, p) € @ X R* and
that f°(x, p) is differentiable in p for all (x, p) € & X (R¥ — {0}). Assume also that

(2.8) If,(x, ) <M, |f2(x p)| <M

Then the functional 1(p) is differentiable at the point p in the direction B if and only if
|BI° < |u|® and in such a case one has

@9) )| = [ f(xu(x)- B dx

[ ““()) 9B (<) ap”.

dipf
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PROOF. Let p be fixed. For each 8 we consider the Lebesgue decomposition
B* = B*¢ + B°° of the measure B° in an absolutely continuous and a singular part
with respect to |u|°*. Then we have

p+B=pf+ p+ 1B+ 1B + 1B

and, using Lemma 2.2(i) and (ii), we get
(210) I(u+1B) = [ f(x, w(x) + 1B*(x)) dx

+f fO(X, diss(x) + tdﬁsj(x)) dlul” + |’|f fO(x, B*).
Q d|p| d|ul e

Now we obviously have that

%fﬂ f(x, p(x) + 1B%(x)) dx|,—o = pr(x,p“(x)).ﬁa(x)dx'

Moreover, as f°(x, p) is differentiable in p for p # 0 and [(du’/d|p|*)(x)| =1
|u}*-a.e., we have

d dp’ dp* s
4 f°(x, LN s(x))dlnl
d’fﬂ dlu| dlyl

t=0

d[.ts dﬁ‘m K
(2.11) - f( s(x))‘ " (x) diu
/ﬂ” dlp| dlu|
= 0 d”'s ). dﬁsa dlBs¢
/ﬂf"(x’ aur ) ag

and we also have

(i 7o)

It is evident that the right and left derivatives in the last formula coincide and are
then zero if and only if [ f%(x, 8*) = 0, i.e. if and only if 8°° = 0, that is if and
only if 8¢ < |u}®. Q.E.D.

The preceding theorem does not apply when the integrand f(x, p) is positive and
positively homogeneous in p, because in this case f(x, p) cannot be differentiable in
p at p = 0. Also in this case, however, we can differentiate the functional I(p) in a
suitably restricted set of directions. More generally, we have the following result.

= ey == (M) 1o )

t=0

THEOREM 2.5. Assume that for every fixed x € Q the function f(x, p) is differentia-
ble in p for all p + 0 and assume that f(x,0) = 0 for all x such that f(x, ) is not
differentiable at p = 0. Assume also that f°(x, p) is differentiable in p for all
(x, p) € @ X (R* — (0)}). Finally assume that

I,(x, p)| <M, |f2x, p)| < M,
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when the derivatives exist. Then, if p, B are such that
(2.12,1) B <ul,
(2.12,1ii) B4 (x)=0 L"ae.intheset T = {x € Qp“(x) =0},

the functional I() is differentiable at the point p in the direction B and formula (2.9)
still holds.

PrROOF. We start again from (2.10), where 8°* = 0 by (2.12,1). For all x € Q\ T

we have

G+ 18| = (xon(x)) - B4(),

On the other hand, because of (2.12,ii), for £ "-almost all x € T we have B4(x) =0
and

2 f(x,w(x) + 1B%(x)) = 0.

Formula (2.9) follows then as in the preceding theorem. Q.E.D.
We remark that conditions (2.12) are equivalent to saying that 8 << |u|.

3. The Euler equation in BV(Q). In this section we shall consider integrands
f(x, p): & X R* - R that, unless it is otherwise specified, satisfy conditions (2.2),
(2.3), (2.5), and we shall apply the results of the preceding section to the functional

(3.1) F(u) = fgf(x, Du) = /Qf(x,(pu)“(x)) dx + foO(x, ﬁ:

()] il
|Du|
which is defined for all functions ¥ € BV(£); we assume that & € R” is bounded.
The functional F(u) is an extension to the space BV() of the functional
Jo f(x, Du(x)) dx, which is defined elementarily for u € C'(Q) N H"'(Q). The
interest for considering this extension stems mainly from a few known facts that we
would like to recall briefly here for both completeness and later reference.
FACT 3.1. Assume that the function f(x, p, t) defined in (2.6) is continuous. Then, if
u; € BV(Q) and

u;—u inLY(Q),
(3.2) 2 2
/\/1 +|Du)) —»/ V1 +|Du|” forj > oo,
Q Q

one also has [o f(x, Du;) = [q f(x, Du).
FAcCT 3.2. Assume that f(x, p, t) is continuous, and that it is convex in ( p, t) for all
fixed x € Q. Then, if u, u; € BV(Q) are such that

(3.3,i) u;—> u inL'(Q),

(3.3, ii) f9|Duj|<c for all j,
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one also has

lim inf f x, Du;) ff(x Du).

Jj— + o0

The proof of Facts 3.1, 3.2 is an immediate consequence of Theorem 2.3 and of
Theorems 3 and 2 of [25], which are given for general functionals of a measure (and
would apply also to the functional (1.11) [S]).

It is worth recalling that under the assumption of convexity in p and (2.5), a
necessary and sufficient condition on f(x, p) in order for f(x, p, t) to be continuous
is that [7] for all x € Q@ and ¢ > 0 there exists a number § > 0 such that

[f(xo, p) — f(x, p)| < (1 +1pl)

for all p and all x with |x — x,| < 8. We recall also (same proof as in [4, Theorem 1])
that for all the functions u € BV(Q) there exists a sequence u; € C*() N BV(Q)
such that (3.2) holds.

It is not difficult to see that Fact 3.2 holds under the weaker assumption that f is
lower-semicontinuous; and we recall that if f(x, p) is lower-semicontinuous, convex
in p and satisfies (2.5), then f(x, p,t) is also lower-semicontinuous. Condition
(3.3,1i) can be dropped if one assumes also that f(x, p) > a|p| — b for all x € Q,
p € R*, where a > 0, b > 0. As a general reference for these and other more general
semicontinuity results, see [9]. See also the recent paper [30].

In conclusion, if f(x, p, t) is continuous and convex in ( p, t) and f(x, p) > a|p|
— b for all x, p, then one has

u, € CY(2) N BV(R),
u,—>u inL'(Q)

ff(x, Du) = min liminf/ /(x, Du,(x))ax ,
Q Jjo o YQ
compare [13, 9].

If we assume that § has a Lipschitz boundary and that f(x, p) is defined also for
x € 992, we can consider the functional [15, 13, 1]

Gu) = [ fe, Du) + [ f(x, va(x)[&(x) = u(x)]) dH" ",

where g € L1(dQ) is a given function and vg(x) is the outward unit normal to 39 at
x. Again one easily has (appendix):
FACT 3.3. Assume that the function f(x, p, t) is continuous in & XR" X [0, + o0).
Then, for all u € BV(RQ) and g € L'(3Q) there exists a sequence of functions u, €
C'(Q) N BV(Q) such that u,|,o = g and that

(3.4) w,>u inlNQ), G(u;) - G(u).

FACT 3.4. Assume that f(x, p, t) is lower-semicontinuous on & X R" X [0, + 00) and
is convex in (p,t) for each fixed x € Q, and that f(x, p) > a|p| — b for all x, p.
Then, for any fixed g € L(3) and for any sequence u; € BV(Q) such that u; > u in
LY(Q) one has

liminfG(u;) > G(u).
Jj—




492 GABRIELE ANZELLOTTI

By Facts 3.3 and 3.4 immediately follows

FAcT 3.5. If f(x, p, t) satisfies the assumptions of Facts 3.3 and 3.4, then G(u) is
the greatest functional on BV(Q) which is lower-semicontinuous with respect to the
L(Q)-convergence and satisfies G(u) < [of(x, Du(x)) dx for all functions u € C'(Q)
N HYY(Q) with u = g on 3Q. Moreover one has

inf G(u)= inf ff x, Du(x)) dx.
ueBV(Q) ueBV(Q)NCH(Q)
u=gon 0

The preceding considerations motivate the study of the problem
G(u) - min, u € BV(Q).

Now we shall study the differentiability and the Euler equation of the functionals
F(u) and G(u). For these purposes we shall not need any convexity and global
continuity assumptions on the integrand f(x, p). Of course, convexity and continu-
ity will be needed in Theorem 3.10.

THEOREM 3.6. Assume that f(x, p) is differentiable in p for all x € @, p € R" and
assume that f°(x, p) is differentiable for all x € Q, p € R" — {0}. Assume moreover
that

If,(x, o) <M, |f2x,p)| <M
Then the functional F(u) is differentiable at the point u € BV(Q) in the direction
¢ € BV(Q) if and only if |Do|* << |Du|’, and in such a case one has

(3  GFutm) = [ 4x(00°(x) - (09)*(x) dx

+ [ 175 Bk () - B2 () Dol
/9 "\ Dy |De|
Theorem 3.6 follows immediately from Theorem 2.4. By Theorem 3.6 we get

THEOREM 3.7. Let Q be a bounded open set in R" with Lipschitz boundary. Assume
that f(x, p): @ XR" > R is differentiable in p for all (x, p), that f%x, p) is
differentiable in p for all (x, p) with p # 0 and that

I, p) <M, |f2x.p)| <M
(recall also that we are always assuming (2.2), (2.3), (2.5)). If u € BV() is a

minimum point for the functional G(v) defined in (3.3), then one has
(3.6)

GGG+ 1) =[x (Du)*(x) -(De)* (x) dx

. 2% () 1Dgl
# [ 12x p0)] pE G g

=) ) ey
[ ] B0 e )
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for all the functions ¢ € BV(Q) such that
(3.7) |Dg|” < |Dul,
o(x)=0 H" 'a.e.intheset T, = {x € 3Q|u(x) = g(x)}.

PROOF. One can use Theorem 3.6 to differentiate [ f(x, Du). Because of the
homogeneity of f°, for the boundary term one has

£0(x, va(x)[(g(x) = u(x)) = to(x)])

= Ox—g(x)—u(x)v x) x)—u(x))— X
fo[ B ) (600) =) = )

for all x € 9Q where u(x) # g(x), and for sufficiently small ¢, it follows that

%,/;9 fo(x, VQ(X)[g(X) —(U(X) + t(p(x))]) dHn—1|t=o

_ ol &) —u(x) x)g(x)—u(x) o) g1
Lot ( e =l ) TG0y —uy T

=_ f;’(x, M"—“(ﬂuﬂ(x)) -vg(x)p(x)dH"'.  Q.E.D.
Y |g(x) = u(x)]

ReMARk 3.8. It is clear that for the differentiability of the boundary term one
needs only the directional derivative of f°(x, p) at each point p # 0 in the radial
direction p, and this derivative always exists because of the homogeneity of f°. A
similar fact happens in the interior of € in the set N(u) defined in (4.4).

Clearly one can use Theorem 2.5 to get the Euler equation for the case of positive
homogeneous integrands. We have

THEOREM 3.9. Assume that f satisfies the assumptions of Theorem 2.5 and let u be a
minium point for the functional G. Then, for all the functions @ = BV(R) such that
Dg|" < |Dul’,
(38) (D) (x)=0 L a.e.intheset T = { x € Q|(Du)“(x) = 0},
@(x)=0 H" 'a..intheset T, = { x € 3Qu(x) = g(x)},
the equation (3.6) holds.

We shall say that the set of equations (3.6) for all the functions that satisfy (3.7) is
the Euler equation in BV(Q) for the functional G(u). This Euler equation does not
state the vanishing of the first variation of G in all directions ¢, nevertheless, we still
have the following result.

THEOREM 3.10. Let f(x, p) be as in Theorem 3.7 and assume moreover that
(3.9) f(x, p) is convex in p for all fixed x € Q,
(3.10) f(x, p, t) is continuous on @ XR" X [0, + o).

If a function v € BV(R) verifies equation (3.6) for all the functions ¢ € BV(Q) that
satisfy (3.7), then v is a minimum point for the functional G(u) in BV(£).
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ProOF. Take a sequence of functions v; € C'(2) N H"(Q) such that v;| o, = g for
all j, and that converge to v as in (3.4). For any fixed j set ¢; = v; — u and consider
t_he function H(s): [0,1] — R defined by H(s) = G(u + t¢;). By (3.9) one has that
f(x, p, t)is convex in ( p, t) and it follows that H(s) is a convex function; hence one

also has

(3.11) G(y) = H() > H(0) + H(0) = G(u) + 2G(u+ 19, =G,

where we have used (3.6), as g; satisfies (3.7). By (3.11) and (3.4) the theorem is
proved. Q.E.D.

A condition like (3.10) is needed in the hypotheses of Theorem 3.10, as the
following example shows.

ExaMPLE 3.11. Consider the open set £ = {x € R|0 < x < 3} and define a
function f(x, p): 2 X R > Ras

\/l+p2 fx#1,x+#2,
f(x,p)=(cY1+p* ifx=1,
ayl + p? if x =2,

where ¢ is any number such that 3 <c¢ <10 and 0 < a < ¢ — 3. Take also
g(0) = 0 and g(s) = 1. Then the function v(x) defined as

e —9x ifo<x<1,
Wet—=9x+(1-Ve2=9) ifl<x<3

satisfies equation (3.6) for all the functions ¢ € BV(£) such that (3.7) holds: in fact,
for all these functions one has G(v) < G(v + @). On the other hand, v is not a
minimum for G(u), because, if we set for instance

v(x) = {

W(X)={O if0<x<2,
1 if2 <x<3,

we have
1
G(w)=3+a<c<c+ ;(I—ch -9) = G(v).

REMARK 3.12. In Theorem 3.10 we have assumed that v verifies equation (3.6) for
all the variations that satisfy (3.7). To assume that (3.6) is satisfied for all p € H'(Q)
would not have been sufficient, in fact, consider the following one-dimensional
example:

Q={xeR0<x<2}; f(x,p)=y1+p*; g(0)=0, g(1)=1,

v(x)={0 if0<X<1,
1 ifl <x<?2.

It is clear that (Dv)“ = 0 and f,(x,(Du)“(x)) = 0 for all x; on the other hand, for
all € H}'Y(R) one has (D¢)* = 0 and equation (3.6) is satisfied, while v certainly
does not minimize length.
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Clearly, similar results to Theorem 3.10 hold for functionals of type (1.11) and for
local minima.

As a final general remark for this section, we notice that one could study by
similar methods also the subdifferentials of the functionals F(u) and G(u).

4. The functionals f(x, u, Du). Let Q be an open bounded set in R” and consider a
function f(x, s, p): @ X R X R" — R such that

(4.1) [f(x, s, p)| < c(1 +1pl),

(4.2) for all (x, s) € € X R there exists the limit
lim f(x s, p)t =f%x,s, p),
140

for all Borel measurable functions n: 2 —» R" and &: Q — R,
the function x — f(x, £(x), n(x)) is also Borel measurable.

For each function u € BV(Q) we consider a Borel set M(u) such that £"(M(u))
= | Dul*(2 \ M(u)) = 0. Following [11, 9] we set

(4.3)

u_(x) = sup{¢|{ y|u(y) < t} has ¥ "-density zero at x },
(4.9) u,(x)=inf{¢]{ y|u(y) > t} has &L -density zero at x },
N(u) = {x € Qu,(x)>u_(x)},

and we remark that u (x), u,(x) are Borel measurable functions on Q. Moreover we
shall consider the measures

D
Du‘ = Dulnwy = (u,(x) —u_(x)) “()H™Y
| Du| N(w)
Du? = (Du)’ — Du® = Dulmaunwn

and we shall need the following simple fact (appendix):
Fact 4.1. If o, u € BV(R) are such that |Do|° << |Du|’, then one has

(4.5,i) |Do‘| < |Duc|,
(4.5,ii) |Dg?| < |Du|,
(4.5, iii) H"“(N(qo)\N(u)) =
. Do 1
4.5,iv x)=o0(x)—(x "“l.a.e.in
( ) IDI() ()| |() H N(e),

where o(x) = +1.
Finally, we consider the functional [9]

(4.6) Hﬂ=fﬂLmDﬂ

= ff x, u(x),(Du)*(x)) dx+/f (x u(x), (x) |Du|

u(x) 0 Du -1
+ x,8,—(x)]| dsdH"
j;vm fun / ( |Du|( ))
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and the functional [1]
(4.7) G(u)=F(u) + 89 co n—1
(u) jea fum F0(x, s, va(x)) ds dH™1,

where g(x) € L'(99) is some fixed function and »g, is the outward normal to 3%.

For the functional G(u) we have completely similar results to Facts 3.3, 3.4, 3.5;
the reader himself can provide the statements and proofs. Now we give the Euler
equation for F(u), a similar result holds for G(u).

THEOREM 4.2. Assume that:
(i) for all (x, s, p) the function f is differentiable in s and in p, and the function f° is
differentiable in s; moreover one has

(x5, P +1fi(x, 5, )] +1A0(x, 5, p)| < M,

(il) the function f° is differentiable in p for all (x, s, p) with p # 0, and one has
12,5, ) < M,

(iii) u € BV(Q) is a local minimum for F(u).

Then, for all the functions ¢ € BV(R) with spt ¢ € Q such that |Do|* < |Du|*, one
has

(4.8)

d
zi—t-F(u + to)

t=0

= j;l {£,(x u(x), (Du)* (X)) @(x) + £, (x, u(x), (Du)“(x))( D) ()} dx

of { 1w, B0 o) + 12 . ), 2 (3)| B

| Du| |Dul |Dep|
+/N+(u) {fo(x, u,(x), 'I%Z—l(x))¢+(x)
-fo(x, u_(x), ﬁ(x))w-(ﬂ} dH"™!
+fN_(“) {fO(x, u,(x), |I;—:|(x))(p”(x)
Du_

o (). ()|

—f°(x, u(x),




THE EULER EQUATION FOR FUNCTIONALS 497

where

M) = {x & N(w) nzv(qo)]ﬁm - l—%m},

V() = {x € N(w) mv(«:»)\ ()= -%m}.

PrOOF. Write F(u + tg) using formula (4.6). The derivative of the term contain-
ing (Du + tD@)* is easily computed. For the term containing | D(u + t@)?], recalling
that | D(u + t@)?| < |Du¢|, that one has (Du/|Du|)(x) = (Du“/|Du?|)(x) |Du%}-a.e.,
and using the homogeneity of f® in p, we get, recalling Lemma 2.2(ii),

o D(u + to) . u d
|f ( (x) + (), IO >)|D( + 19)

_ 0 Du_ Do . u
- [ 7 (x,u<x>+t<p(x), pecle) + 12 )) |Due|

and the derivative is again easily obtained as in (2.11).
Finally, recalling Fact 4.1, one has

f f(u+t<p)+ fo(x s D(u + to) (x))dsdH"'l
N(u+tp) “(ut+te)_

T D(u + 1)
___/ f(u+f¢)+ fO(X,S,UI(X)&(X)) ds dH" 1
N(u) Y(u+19). | Du|

because N(u + tp) C N(u) and (u + tp),= (u + t@)_ exactly at those points of
N(u) that do not belong to N(u + to).

Now it is easy to see that for a fixed x € N(u) one has o,(x) = +1 for all 7 that
belong to some neighborhood of zero. Moreover for all these ¢ one has

(ut09), =t ""+} it 24 ()= 22 ()
(u+tp).=u_+te. | Dy |Dp|

(“+t(p)+=u++tq’- if Du (X)=— Dy (x)
(u+te)=u+19, |Du| |Do|

and it follows that

d [u+ip), 0( Du )
x,s,—(x)| ds
f |Du|( )

dt Sy 1)
f°(x,u+(x),Iﬁ—zl(x))m(x)—f‘)(x, u-(x),lg—;‘lu))qo-(x) in N+ (),
D

f°(x,u+(x),'D—:|(x))<p-(x)—f°(x,u(x),|%:—|(x))<p+(x) in N (a).

Q.E.D.
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The assumption in Theorem 4.2 that f(x, s, p) is bounded is somewhat too
restrictive, in fact it is not satisfied for example by the functionals of the type

fa(u)y1 + |Du|® in which case one has f,(x,u, p)=a’(u)J1 +|p|>. A more
natural assumption would be

(4.9) Ifi(x,s, p)| < M(1 +]pl).

In fact, similarly to what happens for the functionals of growth m > 1, one is still
able to write the Euler equation under assumption (4.9) provided one takes bounded

test functions. More precisely, one has

THEOREM 4.3. Assume that:
(i) for all (x, s, p) the function f is differentiable in s and p and the function f° is
differentiable in s; moreover one has

I, (x. 5. p)| < M, |fi(x.5.p)| < M(1 +pl), |f2(x.s, p)| < Mlpl,
(ii) the function f° is differentiable in p for all (x, s, p) with p # 0, and one has
1120, 5, )l < M,
(iii) u € BV(R) is a local minimum for F(u).
Then, for all the functions o € BV(Q) such that

spto €2, ol < +o0, Dy <|Duf,
one has (4.8).

The proof of Theorem 4.3 is totally similar to the proof of Theorem 4.2.

We notice that similar results to Theorem 3.9 also hold for the functionals
considered in this section.

A general final remark about functionals of type [, f(x,u, Du) is that the
integrand could be allowed not to be defined or not to satisfy the assumptions of our
theorems in a set E, C @ X R, of zero H"-dimensional measure (see, for example,
[9]). This is a consequence of the general fact that if ¥ € BV() and B C Q with
H"~!(B) = 0, then one has [, |Du| = 0.

5. Appendix.

PROOF OF FAcCT 3.3. Let v; € C{(2) N BV(R2) be a sequence of functions that
converge to u as in (3.2) and such that v; = u on 9§ for all j [19]. Then let
w, € C'(Q2) N BV(Q) be such that, for each j, one has

o 1
wlio= 8= ulag,  wi(x)=0 ifdist(x,d9) < I

- n-1 l l
fQIDw,-IsfaQIu gldH"™" + —, fglelsj-

Set u; = v, + w,. Obviously, one has u |, = g for all j and
u; - u inLY(Q),

G.1) lim fg J1+Duf" = /Q V1 +|Du” + fm lu— g| dH" 1.

J— o
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If we consider the R"-valued measures p;, p on Q defined by

(B) = Du,, B) = Du + —u)vg(x)dH" !
w(B) = [ Duy  w(B)= [ Duxt [ (z-u)ra(x)
for all Borel sets B C ©, and the R”* !-valued measures

a;(B) = (u;(B), £"(B)), a(B)=(n(B), £"(B)),
then we have

(5.2) a;,—a weakly as measures in &, jlililo lo|(Q) = |a|().

Now we notice that
G(w) = [f(x),  G(u)= [ f(x.a)

and the proof is concluded by Theorem 3 of [25]. Q.E.D. 3
PROOF OF FACT 3.4. Let €, be some open ball containing @ and consider the
function f*(x, p): €, X R” — R defined as

f(x, p) ifxeq,

fr(x.p) = {M(l +p]) ifxe @\ Q.

By (2.5) one also has that f*(x, p) is lower-semicontinuous. Let # € H'(©,) be
such that h|,, = g and for each function u € BV(Q) consider the function u* €
BV(Q,) defined as

ooy Ju(x) ifxeQ,
u(x)_{h(x) if x € @\ 9.

For all u € BV(2) one has
] *(x, Du*) = G(u) + Mf (1 +|Dh|) = G(u) + const(h)
Q, 2\

and the proof is concluded noting that if u; — u in L'(2) one also has u} — u* in
L'(Q,) and using Fact 3.2 for f*in ,. Q.E.D.

ProOOF OF FAcTt 4.1. If |Do|° < |Du|’ one has Do = h|Du|’, where h(x) =
((De)*/|Du)’)(x), and it follows that Do = (h|Du|3)|N(‘p) = h|(Du)|Nm| so that
(4.5,1) is proved.

Now, if we set N (¢)= {x € N(¢)|p.(x) —o(x)>1/k} for k a positive
integer, we have N(¢)\ N(u) = U, N, (¢)\ N(u) and, if we assume by contradic-
tion that H"~}(N(¢p)\ N(u)) > 0, we get

IDGI(N,(9) \N(w)) > T H"(N,(9) \N(x)) > 0

for some k. This contradicts (4.5, 1) and proves (4.5, iii).

Then, if |Du?(B) =0 for some Borel set B C §, one has |Du|*(B\ N(u)) =0
and, by the assumption that |D¢|* < |Du|’, it follows that |De|*(B\ N(u)) = 0;
hence we get |De|“(B\ N(u)) = 0. On the other hand one has |Dg?|(N(u)) =
|Dp(N(u) \ N(9)) = 0 and (4.5, i) also follows.
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Finally, we recall that [11, 4.5.9]), N(u) and N(gp) are (H" !, n — 1)-countably
rectifiable sets, so that [11, 3.2.19] there exists a Borel set E, such that H" " }(E,) = 0
and such that for all x € N(p)\ E, the sets Tan(H" '2N(g), x) and
Tan(H" '2N(u), x) [11, 3.2.16], are (n — 1)-dimensional subspaces of R”. On the
other hand, from (4.5,iii) it follows obviously that Tan(H" '2N(¢), x) C
Tan(H" '2N(u), x) for H" '-almost all x € N(¢); hence the two tangent planes
must coincide for H" '-almost all x € N(¢). As (Dg/|Do|)(x) and (Du/|Dul)(x)
are normal vectors to Tan(H"~'2N(g), x) and Tan(H" " '2N(u), x) respectively,
(4.5,1v) 1s proved. Q.E.D.
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